/ € dr=—""_ 0<a<1

o l+er ™ sin(an)

Proof. To begin, consider the following substitutions: u = e and ¢? = u, then:

00 ar oo ,a—1 00 t2a71
/ ‘ dac:/ - du:2/ L
o l4er o 14w o 1412
We can complexify this latter integrand, and set f(z) = 212:—;21 Consider the path v =
[— R, —r|U~, U [r, R U~g, where ,(t) = re' for 0 <t < 7 and yg(t) = Re' for 0 <t < 7.
Then, the integral around v can be broken up as:

2a—1 -r ,.2a—1 2a—1 R _2a—1 2a—1
/z de_/ ’ 2dx+/ - 2dz+/ ’ 2dm+/ S
L1tz _p 1l+x Ltz , 14+ w1+ 2

Next, define log,(z) = log || 4 i arg(z) for all z with —% < arg(z) < 2£. Then:

-r ,.2a—1 R/ .\2a-1 R (2a—1)(log; (x)) R (2a—1)(log |—z|+mi)
/ * dx:/ %dx:/ e—d:z::/ ¢ dr =
_p L+22 . 1+ a2 . 1+ 2?2 , 1+ 2?2

R (2a—1)(log(z))+2ami—ni - R ,(2a—1)(log(x)) R 201
:/ € dr = e(?a—l)wz/ e—dll') _ _62a7r7,/ r dr

14 22 14+ 22 14 22

Next, consider the integrals:
2a—1 2a—1
/ - ;dz , and / © Sdz
YR 1 + z Yr 1 + z

When 0 < a < 1, as per our assumption, we see that

Z?afl |Z|2a71 RQafl 7.‘.}%Qa
dz| < dz <7mR = — 0 R —
|/7R1+z2 Z‘—AR|1+Z2|Z—” IR R—1 T

For the second integral, when 0 < a < 1, as per our assumption, we have

2a—1 7.‘_702(1

22(1—1 ’Z‘Qa—l r
|/%1+,z2 Z‘—/%\Hz% S e R g

Then, as R — oo and r — 0, we see that:

Z2a71 0 l,?afl ) [e’e} x2a71
/ de:/ 2da:—e2“’”/ de
S 1+z o l+uw o l+uw

Then, by The Residue Theorem we know that

ZQa—l 00 x2a—1 i o] :L.Qa—l
21t Res(f,1) = dz = dx — e“*™ ——dx
(f:4) [1+z2 / [ a2 / a2

1




2

because f(z) has a single simple pole at z = i which is enclosed by the path 7. Calculating
Res(f,i), we have:
(z —d)z*! 2a—1

271 RGS(f,Z)Zzﬂ'ZlZlEEm:WZ :7'('6(

2a—1)logy (i) _ e%mﬂeaﬂi _ _ﬂ,ieaﬂ

and, we see that

) ZQa—l 0 I2a—l ) 00 I2a—1
—mie®™ = / sdz = / Sdx — 62‘“”/ Sdr =
A o l+uw o l+uw

00 e ] 00 x2a71 ]
/ dr = 2(1 — e*™) / dr = —2mie’™ —
—c0 1 + e* 0 ]. + ZU2

e o gla-t —2mie™ 2 2 v
dr =2 dr = - = —— - = —— = —
oo L+ e” o 1+ a2 1 —e?ami eomi — e=ami 2igin(27)  sin(2m)
O




