Let A € M,(C), then the following are equivalent:
(i) A is normal.
(ii) A* = AT for some unitary 7.
(iii) A* = T'A for some unitary 7.
(iv) A commutes with AA* — A*A.

Proof.
(1 — 1)
Let A be normal, then there exists a unitary matrix, U, such that
A1 0
A=U"D,U =U~ U
0 An
Then, define:
%} 0
T=U"D,U = )
0 fn
where u; = §: whenever \; # 0 and p; = 1 whenever \; = 0. Clearly, T is unitary. Then:
A 0 1 0 A1t 0
AT =U" uu* U=U" U=
0 An 0 Lhn, 0 Anfbn
A 0
U~ U=U"DyU = (U*D,U)* = A*
0 An
(15 — 1)

Assume that there exists a unitary matrix, 7', such that A* = AT, then: A*A = A*(A*)* =
AT (AT)* = ATT*A* = AA* and A is therefore normal.

(1 — iv)
Assume that A is normal, then:
A(AA" — ATA) = AAA™ — AA"A = A(A™A) — (ATA)A = AATA — A"AA = (AA" — A"A)A

(v — 1)
Assume that A(AA* — A*A) = (AA* — A*A) A, then:
AAA" — AA"A = AA'A — A"AA =
(AAA")A* — (AATA)A" = (AATA) A" — (ATAA) A" —
A%(A%)? — (AA")? = (AA*)? — A*AAAY
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Then, taking the trace of both sides, we have:
tr(A*(A)?) — tr((AA*)?) = tr((AA*)?) — tr(A*AAAY) =
tr(A2(A*)?)+tr(A*AAAY) = 2tr((AA*)?) = tr(A%(A*)?)+tr(AAA*AY) = 2tr((AA*)?) =
2tr(A%(A*)?) = 2tr((AA*)?) = tr(A*(A")?) = tr((AA")?)
which, by theorem (in-class) implies that A*A = AA* and therefore A is normal.

(130 — 1)

Assume that there exists a unitary matrix 7" such that A* = T'A, then: AA* = (A*)*"A* =
(TA)*(TA) = A*T*TA = A*A and A is therefore normal.

(1 — 4i7)
Let A be normal, then there exists a unitary matrix, U, such that
A1 0
A=U"D,U =U" U
0 An
Then, define:
H1 0
T=U"D,U = )
0 [n
where p; = 1: whenever \; # 0 and p; = 1 whenever \; = 0. Clearly, T is unitary. Then:
H1 0 Al 0 1A 0
TA=U" uu* U=U" U=
0 Lhn, 0 An 0 M An
A1 0
U~ U=U"DyU = (U'DsU)* = A*
0 An



